Q 2 -evolution of parton densities at small x values and H1 and ZEUS experimental data.
INTRODUCTION
A reasonable agreement between HERA data [1] - [6] and the next-to-leading-order (NLO) approximation of perturbative Quantum Chromodynamics (QCD) has been observed for Q 2 ≥ 2 GeV 2 (see reviews in [7] and references therein), which gives us a reason to believe that perturbative QCD is capable of describing the evolution of the structure function (SF) F 2 and its derivatives down to very low Q 2 values, where all the strong interactions are conventionally considered to be soft processes.
A standard way to study the x behavior of quarks and gluons is to compare the data with the numerical solution to the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [8] by fitting the parameters of x-profile of partons at some initial Q 2 0 and the QCD energy scale Λ [9, 10] . However, for the purpose of analyzing exclusively the small-x region, there is an alternative to carry out a simpler analysis by using some of the existing analytical solutions to DGLAP equations in the small-x limit [11] - [14] .
To improve the analysis at low Q 2 values, it is important to consider the well-known infrared modifications of the strong coupling constant. We will use its "frozen" and analytic versions (see, [15, 16] and references therein).
GENERALIZED DOUBLED ASYMPTOTIC SCALING APPROACH
At low-x values there is the simple analytical solution of DGLAP evolution [11] : the HERA small-x data can be interpreted in terms of the so-called doubled asymptotic scaling (DAS) phenomenon related to the asymptotic behavior of the DGLAP evolution discovered many years ago [17] .
The original study of [11] was extended in [12, 13, 14] to include the finite parts of anomalous dimensions of Wilson operators 1 . This has led to predictions [13, 14] of the small-x asymptotic form of parton distribution functions (PDFs) in the framework of the DGLAP dynamics starting at some Q 2 0 with the flat function
where f a are the parton distributions multiplied by x and A a are unknown parameters to be determined from the data. We refer to the approach of [12, 13, 14] as generalized DAS approximation. In that approach the flat initial conditions in Eq. (1) determine the basic role of the singular parts of anomalous dimensions, as in the standard DAS case, while the contribution from finite parts of anomalous dimensions and from Wilson coefficients can be considered as corrections which are, however, important for better agreement with experimental data. In the present paper, similary to [11] - [14] , we neglect the contribution from the non-singlet quark component.
The flat initial condition (1) corresponds to the case when parton density tend to some constant value at x → 0 and at some initial value Q 2 0 . The main ingredients of the results [13, 14] , are:
• Both, the gluon and quark singlet densities are presented in terms of two components (" + " and " − ") which are obtained from the analytic Q 2 -dependent expressions of the corresponding (" + " and " − ") PDF moments.
2
• The twist-two part of the " − " component is constant at small x at any values of Q 2 , whereas the one of the " + " component grows at
where σ and ρ are the generalized Ball-Forte variables,
Hereafter we use the notation a s = α s /(4π). The first two coefficients of the QCD β -function in the MS-scheme are β 0 = 11 − (2/3) f and β 1 = 102 − (114/9) f with f is being the number of active quark flavors. Note here that the perturbative coupling constant a s (Q 2 ) is different at the leading-order (LO) and NLO approximations. Indeed, from the renormalization group equation we can obtain the following equations for the coupling constant
at the LO and NLO approximations, respoectively. Usually at the NLO level MS-scheme is used, so we apply Λ = Λ MS below.
PARTON DISTRIBUTIONS AND THE STRUCTURE FUNCTION F 2
Here, for simplicity we consider only the LO approximation 3 . The structure function F 2 and PDFs f a (a = q, g) have the form
where e = (∑ f 1 e 2 i )/ f is an average charge squared. The small-x asymptotic expressions for parton densities f ± a look like
where I ν (ν = 0, 1) are the modified Bessel functions and σ and ρ can be found in (2) when p = 0. The coefficientd + (see eq. (3)) and
denote singular and regular parts of the anomalous dimensions d + (n) and d − (n), respectively, in the limit n → 1 4 . Here n is a variable in the Mellin space. 
EFFECTIVE SLOPES
Contrary to the approach in [11] - [14] various groups have been able to fit the available data using a hard input at small x: x −λ , λ > 0 with different λ values at low and high Q 2 (see [20] - [26] ). Such results are well-known at low Q 2 values [21] . At large Q 2 values, for the modern HERA data it is also not very surprising, because improssible to distinguish between the behavior based on a steep input parton parameterization, at quite large Q 2 , and the steep form acquired after the dynamical evolution from a flat initial condition at quite low Q 2 values.
As it has been mentioned above and shown in [13, 14, 27] , the behavior of parton densities and F 2 given in the Bessel-like form by generalized DAS approach can mimic a power law shape over a limited region of x and Q 2
The effective slopes λ eff a (x, Q 2 ) and λ eff
The effective slopes λ eff a and λ eff analysis it is better to use an approximation. At quite large values of Q 2 , where the "−" component is negligible, the dependence on the initial PDFs disappears, having in this case for the asymptotic behavior the following expressions:
where the symbol ≈ marks the approximation obtained in the expansion of the modified Bessel functions.
"FROZEN" AND ANALYTIC COUPLING CONSTANTS
In order to improve an agreement at low Q 2 values, the QCD coupland is modified in the infrared region. We considered [16] two modifications that effectively increase the argument of the coupling constant at low Q 2 values (see [34] ).
In the first case, which is more phenomenological, we introduce freezing of the coupling constant by changing its argument
, where M ρ is the ρ-meson mass (see [28] ). Thus, in the above formulae we have to carry out the following replacement:
The second possibility follows the Shirkov-Solovtsov idea [29] concerning the analyticity of the coupling constant that leads to additional power dependence of the latter. Then, in the above formulae the coupling constant a s (Q 2 ) should be replaced as follows:
in the LO and NLO approximations, respectively. Here the the symbol . . . stands for the terms that provide negligible contributions when Q 2 ≥ 1 GeV [29] . Note that the perturbative coupling constant a s (Q 2 ) is different in the LO and NLO approximations (see eq. (4) above).
COMPARISON WITH EXPERIMENTAL DATA
Using the results of previous section we have analyzed [13, 14, 16] HERA data for F 2 and the slope ∂ ln F 2 /∂ ln(1/x) at small x from the H1 and ZEUS Collaborations [1] - [6] . In order to keep the analysis as simple as possible, we fix f = 4 and α s (M 2 Z ) = 0.1166 (i.e., Λ (4) = 284 MeV) in agreement with the more recent ZEUS results [2] . As it is possible to see in Fig. 1 (see also [13, 14] ), the twist-two approximation is reasonable at Q 2 ≥ 2 GeV 2 . Moreover, the results of fits in [14] have an important property: they are very similar in LO and NLO approximations of perturbation theory. The similarity is related to the fact that the small-x asymptotics of the NLO corrections are usually large and negative (see, for example, α s -corrections [30, 31] to Balitsky-Fadin-Kuraev-Lipatov (BFKL) kernel [32] 5 ). Then, the LO form ∼ α s (Q 2 ) for some observable and the NLO one ∼ α s (Q 2 )(1 − Kα s (Q 2 )) with a large value of K are similar, because Λ ≫ Λ LO 6 and, thus, α s (Q 2 ) at LO is considerably smaller then α s (Q 2 ) at NLO for HERA Q 2 values. In other words, performing some resummation procedure (such as Grunberg's effective-charge method [33] ), one can see that the results up to NLO approximation may be represented as ∼ α s (Q 2 eff ), where Q 2 eff ≫ Q 2 . Indeed, from different studies [34, 35, 36] , it is well known that at small-x values the effective argument of the coupling constant is higher then Q 2 .
At smaller Q 2 , some modification of the twist-two approximation should be considered. In Ref. [14] we have added the higher twist corrections. For renormalon model of higher twists, we have found a good agreement with experimental data at essentially lower Q 2 values: Q 2 ≥ 0.5 GeV 2 (see Figs. 2 and 3 in [14] ), but we have added 4 additional parameters: amplitudes of twist-4 and twist-6 corrections to quark and gluon densities. 5 It seems that it is a property of any processes in which gluons, but not quarks play a basic role. 6 The equality of α s (M 2 Z ) at LO and NLO approximations, where M Z is the Z-boson mass, relates Λ and Λ LO : Λ (4) = 284 MeV (as in [2] ) corresponds to Λ LO = 112 MeV (see [14] ). To improve the agreement at small Q 2 values without additional parameters, we modified [16] the QCD coupling constant. We considered two modifications: analytic and frozen coupling constants, which effectively increase the argument of the coupling constant at small Q 2 values (in agreement with [34, 35, 36] ). Figure 2 and Table 1 show a strong improvement of the agreement with experimental data for F 2 (almost 2 times!). Similar results can be seen also in Fig. 3 for the experimental data for λ eff F 2 (x, Q 2 ) at x ∼ 10 −3 , which represents an average of the x-values of HERA experimental data. Note that the "frozen" and analytic coupling constants α fr (Q 2 ) and α an (Q 2 ), lead to very close results (see also [37, 15] ).
Indeed, the fits for F 2 (x, Q 2 ) in [14] yielded Q 2 0 ≈ 0.5-0.8 GeV 2 . So, initially we had λ eff (10) and (11) modify the value of λ eff F 2 (x, Q 2 0 ). For the "frozen" and analytic coupling constants α fr (Q 2 ) and α an (Q 2 ), the value of λ eff F 2 (x, Q 2 0 ) is nonzero and the slopes are quite close to the experimental data at Q 2 ≈ 0.5 GeV 2 . Nevertheless, for Q 2 ≤ 0.5 GeV 2 , there is still some disagreement with the data for the slope λ eff F 2 (x, Q 2 ), which needs additional investigation. Note that at Q 2 ≥ 0.5 GeV 2 our results for λ eff F 2 (x, Q 2 ) are even better the results of phenomenological models [25, 38] .
At the next step we considered [39] the combined H1&ZEUS data for F 2 [3] . As can be seen from Fig. 4 and Table 2 , the twist-two approximation is reasonable for Q 2 ≥ 2 GeV 2 . At lower Q 2 we observe that the fits in the cases with "frozen" and analytic strong coupling constants are very similar (see also [37, 16, 15] ) and describe the data in the low Q 2 region significantly better than the standard fit. Nevertheless, for Q 2 ≤ 1.5 GeV 2 there is still some disagreement with the data, which needs to be additionally studied. In particular, the BFKL resummation [32] may be important here [40] . It can be added in the generalized DAS approach according to the discussion in Ref. [41] .
CONCLUSIONS
We have shown the Q 2 -dependence of the structure functions F 2 and the slope λ eff F 2 = ∂ ln F 2 /∂ ln(1/x) at small-x values in the framework of perturbative QCD. Our twist-two results are in a very good agreement with precise HERA data for Q 2 ≥ 2 GeV 2 , where perturbative theory is applicable. Using the "frozen" and analytic coupling constants α fr (Q 2 ) and α an (Q 2 ) improves an agreement with the recent HERA data [4, 5, 6] for the slope λ eff F 2 (x, Q 2 ) for small Q 2 values, Q 2 ≥ 0.5 GeV 2 .
As the next spep, we are going to adopt the Grunberg approach [33] together with the "frozen" and analytic modifications of the strong coupling constant for analyse of the combined H1&ZEUS data for F 2 [3] . The similar study has been done recently [42] for experimental data of the Bjorken sum rule.
